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THE INFLUENCE OF AMBIGUITY AND NOISE ON THE MEASUREMENT OF TURBULENT
SPECTRA BY DOPPLER SCATTERING*
* *
J . L. Luraley 
W. K. G eorge*
Y. Kpbashi**
The Pennsy lvan ia  S ta te  U n iv e r s it y  
U n iv e r s it y  Pa rk , Pennsylvan ia
ABSTRACT
A fundamental u n certa in ty  in  v e lo c i t y  measurement by Doppler s c a t te r in g  
is  caused by the f i n i t e  res id en ce  time o f  the s c a t te r in g  p a r t ic le s  in  the 
o b s e rva t io n  volume; the a r r iv a l  o f  s c a t te r in g  p a r t ic le s  a t  a r b it r a r y  tim es 
g iv e s  r is e  to f lu c tu a t io n s  in  phase (and hence frequ en cy ) o f  the observed 
D opp ler frequency. An estim a te  i s  ob ta ined  fo r  the spectrum o f  these f r e ­
quency flu c tu a t io n s  (c a l le d  am bigu ity  n o is e ) .  The frequency a t which the 
s p e c t r a l  le v e ls  o f  a tu rbu len t s ig n a l and the am bigu ity  n o is e  are equ a l, 
p ro v id e s  a l im it  to  the temporal r e s o lu t io n  o f  an instantaneous v e lo c i t y  
measurement; th is  l im it  is  o b ta in ed , and shown to  be q u ite  r e s t r i c t i v e .  The 
in flu e n c e  o f e le c t r o n ic  noise is  a ls o  analyzed  and found to  be n e g l ig ib le .
An experim en ta l in s t a l la t io n  is  d esc r ib ed  in  which instan taneous f lu c tu a ­
t in g  tu rbu len t v e l o c i t i e s  may be measured by D oppler s c a t te r in g  u s in g  coherent 
r a d ia t io n  from a la s e r .  Measurements are p resen ted  o f  th e  sp ec tra  o f  am bigu ity  
n o is e  end e le c t r o n ic  no ise . The agreement w ith  th eo ry  i s  e x c e l le n t .
INTRODUCTION
R ecen tly  s e v e r a l in v e s t ig a to r s ^ ’ 2’ have measured mean v e lo c i t i e s  and 
mean square f lu c tu a t in g  v e l o c i t i e s  in  f lo w in g  liq u id s  by exam ining the f r e ­
quency s h i f t  in  monochromatic coheren t r a d ia t io n  s c a t te r e d  from p a r t ic le s  in  
th e  l iq u id ,  u s in g  a la s e r  source f o r  the in c id en t ra d ia t io n . The s c a t te r e d  
and u n scattered  ra d ia t io n  is  heterodyned on a p h o to c e l l ,  producing an e l e c t r i ­
c a l  s ig n a l at the d i f fe r e n c e  frequ en cy , and the spectrum o f  th is  d i f f e r e n c e  
s ig n a l i s  examined using con ven tion a l techn iques.
Even in  a s teady  lam inar f lo w , however, the Doppler frequency i s  not 
s tea d y . The s ig n a l r e ce iv ed  by the p h o to c e ll is  th e  sum o f  the s ig n a ls  
s c a t te r e d  by a l l  the s c a t te r e r s  presen t in  the m easuring volume a t that 
in s ta n t ;  they may be taken a l l  to  have the same frequ ency, but each has 
a phase dependent on i t s  lo c a t io n  in  the volume as w e ll as an in te n s ity  
dependent on i t s  s iz e .
As s c a t te r e r s  leave  the s c a t te r in g  volume, and new ones e n te r , the s ig n a l 
g ra d u a lly  looses  coherence; when the e n t ir e  pop u la tion  has changed, a l l  c o ­
herence is  lo s t .
An in d iv id u a l s c a t te r e r  may be taken as producing a c h a r a c te r is t ic  
s ig n a l l ik e
f ( t )  = COS w0t
-tz/2a2
•tc
where u0 is  the Doppler frequ en cy , and th e  Gaussian form has been chosen 
because the in t e n s it y  p r o f i l e  o f  th e  la s e r  beam i s  Gaussian; a i s  an a rb it r a r y  
measure o f  beam w id th . The net s ig n a l may be rep resen ted  as
u (t )  - f  (t -T )d £  (T )  , d£ (T )  d£ ( t - -  f  ’ T'  ”
Id T , T = T 1
(2)
where d£ (T ) i s ,  in  fa c t ,  s t a t i s t i c a l l y  independent a t two d i f f e r e n t  tim es .
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Th is  i s  s im ila r  t o  the shot e f f e c t  ( c . f .  R ic e ,  in  Wax^).
a  may be r e la t e d  to  more m ean ingfu l param eters in  th e  fo l lo w in g  way: - 
rou gh ly  speak ing , the s h i f t s  a r e  averaged  o v e r  th e  beam. Th is g iv e s  the beam 
an e f f e c t i v e  w id th  in  tim e o f
I -
J7 «c
e_t /2° 2 dt=T//2na=l




as an e f f e c t i v e  beam w idth. A s p a t ia l  v a r ia t io n  o f  wave number K must 
have n/K ^  /2r?OU in  o rd er not t o  be s e r io u s ly  smoothed by averag in g . Then 
the wave number l im it  o f  r e s o lu t io n  o f  th e  beam is
K#= J ^ 2  (1/0U) (5 )
so  th a t ( 1)  may be w r it te n  as
- t 2K *2U2Af ( t )  = cosw  t  (K^U/itJe (6)
By C am pbell's  theorem  the spectrum  o f  (2 )  may e a s i ly  be ob ta in ed  as FF ,
2 2..2 "
where F i s  the F ou r ie r  tran sform  o f  f :
. 2 , „ „  2„2*- I I —-T f (,U4,1
FF
- * [
-*(u>*j ) 7 2 K U -k (u - ^ ) 7 2 K  U
+ e
(7 )
The h a l f  w idth o f  the s p e c tra l l in e  may be taken as the root-m ean-square 
d e v ia t io n  from th e  mean Doppler frequ en cy , o r
A a> = UKJ J n  (a )
so th a t the b e t t e r  the r e s o lu t io n ,  the fa s t e r  the popu la tion  o f s c a t te r e r s  
changes, and th e  w ider is  the l in e .
THEORETICAL ANALYSIS
Measuring the Instantaneous V e lo c i t y
The fo re g o in g  a n a lys is  is  w e l l  known, and c le a r ly  must be taken in to  
con s id e ra tion  in  measuring mean square f lu c tu a t in g  v e lo c i t i e s  s in ce  when the 
d e v ia t io n  due t o  the f lu c tu a t in g  v e lo c i t y  becomes o f  the o rd er o f  ( a ) ,  the 
f lu c tu a t in g  v e lo c i t y  can no lo n g e r  be d is t in gu ish ed  from the flu c tu a tio n s  
due to  incoherence . The c e n te r  frequency is
wc = (2 « uA )  2 s in  (9 /2 ) (9 )
where 0 is  the s c a t te r in g  a n g le , and A is  the w avelength  o f  the in c id en t 
r a d ia t io n , and as the l im it  o f  r e s o lu t io n  we have
(A j/u;0)  = K*ty4n3''2 s i n (9/2 ) $  u */U (10 )
The m atter o f  the measurement o f  instantaneous f lu c tu a t in g  v e lo c i t y  
however, is  somewhat more s e r io u s , and in v o lv e s  the qu es tion  o f the spectrum 
o f  the f lu c tu a t io n s  in  phase. For example, i f  th e  f lu c tu a t io n s  in  phase 
occurred  a t a frequency corresp on d in g  to  th e  spac ing  between p a r t ic le s  th is  
could be a h igh  frequency r e l a t i v e  to  that o f  th e  f lu c tu a t io n  in v e lo c i t y  
and cou ld  be averaged  out du rin g  a h a lf p e r iod  o f  the l a t t e r ,  reducing the 
l in e  w idth  and im proving the r e s o lu t io n . U n fo rtu n a te ly , th is  a t t r a c t iv e  
p o s s ib i l i t y  does not correspond t o  r e a l i t y ;  to  see  th is  we must ob ta in  
es tim a tes  fo r  th e  spectrum o f  th e  phase. Th is  qu estion  i s  p a r t ic u la r ly  d i f -
•Throughout we a re  con s id e r in g  o n ly  the component o f  v e lo c i t y  in  the d ir e c t io n  
o f  th e  d i f f e r e n c e  o f  the in c id e n t  and s c a t te r e d  wavenumber v ec to rs .
3
f i c u l t .  s in ce  i t  is  e s s e n t ia l ly  tha t o f  the j o in t  d is t r ib u t io n  a t two tim es
o f  the tim e between su ccess ive  ze ros  o f  a random fu n ction , a problem th a t has 
4
never been s u c c e s s fu lly  so lv ed .
The F lu c tu a tin g  Frequency
Expression  (2 ) may be w r it t e n ,  u s in g  (6)  as
u ( t )  = J  cos uo (t - T ) (K «U / « )e  ^  K*  U d £ (T )-  
= cos uQt  J  cos u>0T (K «U / x )e “ *t " T  ^ ^  u / " d £ (t )  +  (11 )
s in  u^t J s in  w0T (K#U /*)e  U I *  d£ (T)
Lot us d e f in e
( 12)f ( t )  = J cos u.oT (K *U /n )e '( t ‘ T) K*  U /n d?(T)
g ( t )  = j  sin  <aoT (K *U / « )e '( t ' T) K* °  ^  d£ (r )
Then we may w r ite
/ 2 2 1
u (t )  -  \ f  + g y cos (u ^ t -* )  (13)
♦ ( t )  -  tan  1 ( g / f )
Now the usual s o r t  o f  measuring c i r c u i t  would remove the amplitude 
in fo rm ation  from the s ign a l u ( t )  by a m p lif ic a t io n  and c lip p in g , keeping only 
the in lo rm ation  on z e ro -c ro s s in g , and would then produce a s ig n a l p rop o rtion a l 
to  frequency
(14)o dt
Suppose we w r ite
r  ia tJ0 - / c d Z (a ),  d Z (a )d Z * (a ')
0, a fo .'
2
u° , a . da
..2 v u J u ,
* ,  /
! 0, a/ a '
T| (a )da  a =a '




a) --J  e ia t  d Z (a ) - J  e dN (a ) 
and the spectrum o f  the composite s ig n a l is  g iven  by
(16)
UJ *  ( „ )  + n (a )
Tin Spectrum o f the Frequency
The problem is  thus reduced to  what is  n (a )?  C erta in  th ings can be 
s a id  rm raedi^tely; i f  d r (T ) is  s t a t i s t i c a l l y  independent at d i f f e r e n t  tim es, 
then t and g are Caussian random v a r ia b le s .  The c o r r e la t io n s  are g iven  by
(17)
f 7 t ) t ( t  ' )  j f ( i W ) e  - ( t - f + n )2Ky / n - n 2K ,2U2/n
0 2 o /





8( t ) g ( t ' )
(18)
f ( t ) g ( t ' )  = 0
An approximatron i s  in vo lv ed  in  w r it in g  (1 8 ),  namely that
exp (-nuT 2/8 K^2U2)  «  1 ( 1 9 )
or  small bandwidth; o th erw ise  each component o f  (1 8 ) would con ta in  an a d d it ion a l 
small term per iod ic  in  tim e, o f  p e r iod  2(0^  .
Hence, i f  we take f and g to  be the x and y coord in a tes  o f  a po in t in  
the plane, the po in t moves in  such a way th a t is  has a c ir c u la to ry  symmetric 
Gaussian d i s t r i b u t i o n ,  e is  the an g le  subtended by the radius vec to r  to  the 
po in t  (w i t h  cue x - a x i s ,  s a y ).
I t  is  eviden t that 9 is  not s ta t io n a ry . I f  9 begins from zero , say, then 
l o r  cimes short compared to  to  2n ^ 2/UK4 the p ro b a b ility  o f  f in d in g  | « | > 2x
one o r  more re v o lu t io n s  o f  the o r ig in .  Hence, the va lue o f  the $ spectrum
a t the o r ig in  w i l l  be g iven  by
+a> __
\ l ( t )  » ( t+ T )) dq ■= ^  *2 ; ( 20)
S ince ♦ is  n o n -s ta t io n a ry , (2 0 ) w i l l  be non -zero . Now, the j o in t  ch a ra c te r­
i s t i c  fu n c t io n a l o f  f  and g is  determined e n t i r e ly  by one param eter, 
and consequ en tly , th a t o f  9 w i l l  a ls o .  Hence, we must have
d
dt »  Q Zw ( 21 )
w ith  an unknown c o e f f i c i e n t  (h o p e fu l ly  o f  o rd e r  u n ity ) .
To ob ta in  the exac t form  o f  the spectrum, con s id er the r e la t io n  between
r ,  the rad ius v e c to r ,  and ♦ ,  the angu lar v e lo c i t y .  I t  is  easy to  show that
V . = » r  and r are s t a t i s t i c a l l y  independent. Since the d is t r ib u t io n  has c i r -  
9
cu la r  symmetry, we may con s id e r the jo in t  d is t r ib u t io n  o f  »  and r where * = 0 .
Then V = g and r  = f  and they  are independent. Hence V and r  are independent 
9 $
f o r  a l l  * .  We can w r i t e ,  d i f f e r e n t ia t in g  (1 3 ) ,
= f& -g f  = _£
* 2. 2 r
f  +g
( 2 2 )
Taking the c o r r e la t io n  o f  rV^ a t two d i f f e r e n t  tim es, using the fa c t  that f  
and g are independent, s ta t io n a ry  Gaussian v a r ia b le s  w ith  the same c o r r e la t io n ,  
we have
—  ,  4 , ,2 -----
= 2r> (p -pp > 1 1
where p is  the c o r r e la t io n  c o e f f i c ie n t  o f  f :
2„2 2 . . 2_2 ,
P =
-K U T /2rt _ - * )  t  /2
(23 )
(24)
Now we must eva lu a te  r r *  and 1^ 1^  . Using the fa c t  that f  and g are indepen- 
r r '
dent Gaussian v a r ia b le s ,  i t  is  s tra ig h t- fo rw a rd  to  ob ta in  the den s ity  fo r  r:
r .  r2/2a2 
a2 6
from which we ob ta in
1 P 1 - r






Thus, we have im m ediately th a t 9 = <*> . Th is  is  not su rp r is in g : s in ce  V.
and r a re independent, the same values o f  may occur fo r  small and la rg e  r : 
hence, when r  is  sm a ll, v e ry  la rge  values o f  4 may occur. Thus we may expect 
th e  spectrum o f  ♦ to  be v e ry  broad - the behavior o f  i n f in i t y  w i l l  depend on 
th e  type o f  s in g u la r it y  a t the o r ig in .
The Jo in t d en s ity  fo r  r and r '  may be obtained as
" * 2 .  - f e  - (28)
where I  is  the m od ified  Bessel fu n ction  o f  the f i r s t  kind o f  order z e ro .
o .,
Using the asym ptotic behavior o f  th is  
I o ( x )~ l ,  x 0
I  (x )~  ex , x
JTTx
we may ob ta in  asym ptotic express ions  fo r  r r '  and - j,, fo r  p _  o 
and p_ 1 . r r '  is  s t r a ig h t  forward.
----- 2
r r ' — 2c p ,  p 1
( 29)
w i l l  be sm a ll; as t in c rea ses , i t  i s  more and more l ik e ly  tha t * w i l l  have made
4
-  2 . . .  2.2  2r■ — V -J ( 1-p ) «. <T ■j, p -* 0
i  —, i s  w e l l  behaved as p 0 , g iv in g
~  _  1 r
r  r '  a 2 2
At p 1 ,  how ever, the b eh a v io r  is  q u ite  co m p lic a ted , and we o b ta in
( 30)
(3 1 )
\  4 t . - S . z l B j *  (32>
1 -p 2
2 ^ ”
S ince the s in g u la r i t y  is  lo g a r ith m ic ,  th e  spectrum  e v id e n t ly  drops o f f  as 
in v e r s e  freq u en cy . S in ce  i t  i s  determ ined  by a s in g le  p a ram eter , we may 
e xp ec t the b reak  to come near rr~Aw  .
In  o rd e r to  o b ta in  n (0 )
+oo ,  4 2 2, f  _ 2  -r-rr
■ < » - U  H dr (3 3 )
we w i l l  approxim ate the in teg ra n d  in  (3 3 )  by the sm a ll-  p a sym p to tic  form s 
fo r  t />‘ ^  1. The sm a ll -p  c o n t r ib u t io n  is
-x  dx = 0.28
1
. 1 we have
*— \ d t  e Ct 2 +  /v I  d t ( — -  J 2 U  ^  'L l




H ence, a l t o g e th e r  we have rou gh ly
n (.0) = 1.5  ^  (3 6 )
We e x p e c t  n ( a )  to  be f l a t  a t th is  va lu e  a t  le a s t  to  OC^/W* and to  f a l l  s lo w ly  
t h e r e a f t e r .  From a p r a c t ic a l  p o in t  o f  v ie w , th is  p o in t i s  u s u a lly  beyond the 
range o f  measurement, so th a t we may e x p e c t  a (or) to  be e x p e r im e n ta l ly  w h ite .
The L im it  o f  Measurement
The l im it  o f  measurement, o f  the spectrum  w i l l  now be (som ewhat a r b i t r a r i l y )  
determ ined  by th e  p o in t  a  where the s ig n a l/ n o is e  r a t io  becomes u n it y ,  o r  
where
^ • ( T > - n ( 0 - o >
I f  we change to  Kolm ogorov v a r ia b le s ,  = K^
t (K  )  , where -  i s  the Kolm ogorov m ic ro s c a le ,  q ■
(3 7 )
K* * (r*o / 0 ) -  e2/3q5/3
: (K  ) “ K. 6.83 x 10 (3 8 )
where
R U__________
v 2 s in  ( 8 /2)
(3 9 )
The c r e s ts  o f  the l ig h t  uaves make an a n g le  o f  0/2 w ith  the f lo w  
d i r e c t i o n ;  i f  >/2 is  taken as the sm a lle s t len g th  th a t can be r e s o lv e d ,  then 
>/2 s in  ( 0/2)  i s  the sm a lle s t  len g th  th a t can be r e s o lv e d  in  the mean f lo w  
d ir e c  t io n .
I t  seems rea son ab le  to  re q u ire  th a t K •  K ^ ; th a t i s ,  th a t the r e s o lu t io n  
due to  am b igu ity  be the same as th a t due to  f i n i t e  beam w id th . Hence 
} ( K  )
R ‘  <6 .83  x itPTT> <*°>O
Pao"" gave num erica l va lu es  f o r  $ (K )  ( i t  must be born in  mind th a t P a o 's  
va lu es  are n o rm alized  on the h a l f - l i n e ,  whereas we have n o rm a lized  on the
w h o le - l in e :  thus P a o 's  va lu es  o u s t be d iv id e d  by two fo r  use in  ( 4 0 ) ) ;  P a o 's
n* -3 2
spectrum  is  p lo t t e d  in  f ig u r e  1 , to g e th e r  w ith  th e  sp ec tra  6 .83  x 10 R 
fo r  v a r io u s  v a lu e s  o f  Kq and co rresp on d in g  R from  (4 0 ) .  The va lu es  o f  R ob ­
ta in ed  from  (4 0 )  are p lo t t e d  in  f ig u r e  2.
From f ig u r e  2, i t  can be seen  th a t ,  f o r  K «  1, R •  0 .6 2 . W ith  ty p ic a l
o
-5  -2 2
va lu es  o f  X s 6 x 10 cm, v B 10 cm /sec and 2 s in ($ / 2)  = 0.2  (c o r r e s p o n d ­
ing  to  measurements in  w a t e r ) , we have
U ~ 2 0  cm/sec (4 1 )
R e la x a t io n  o f  the r e s o lu t io n  requ irem en ts  to  about Kq = 0 .5  in c rea ses  the
p e rm is s ib le  U by n e a r ly  an o rd e r  o f  m agn itude; i t  shou ld  be remembered,
how ever, th a t (4 0 )  i s  a c tu a l ly  q u ite  c o n s e r v a t iv e .  A s ig n a l/ n o is e  r a t io  o f
u n ity  does n o t a llo w  accu ra te  d e te rm in a t io n  o f  s p e c t r a l  v a lu e s ; i t  can be seen
from f ig u r e  1 th a t f o r  Kq ~ 1 , th e  spectrum  be& ins to  d e v ia te  p e rc ep ta b ly  a t
about K = 0 . 5 .  o
I t  m ight be thought th a t th e  s tr in g e n c y  o f  the requ irem en t cou ld  be 
reduced somewhat by in c r e a s in g  the va lu e  o f®  . U n fo r tu n a te ly ,  however, 
fo rw ard  s c a t t e r in g  is  much more e f f i c i e n t ;  i t  is  d i f f i c u l t  to  o b ta in  a D opp ler 
s ig n a l when 2 s in  (0 /2) is  much above 0 .7 . A n o th er p r a c t ic a l  l im it a t io n  is  
the v a lu e  o f  the D opp ler fr e q u en cy ; th e  h igh er the D op p le r  freq u en cy , the 
more d i f f i c u l t  the e l e c t r o n ic  c i r c u i t r y  becomes. We can w r it e
where f  is  the D opp ler c e n te r  freq u en cy  in  c y c le s / s e c .  For work in w a te r ,
fo r  K z 1, i f  i t  is  d e s ir e d  to  keep f  4 5 x 10^, we have o * r  o
U '■’-'56 cm/sec (4 3 )
F igu re  1. Pao on e-d im en sion a l spectrum  renorm a lized  t o  \ »dK -  (u*)2
5
(30)r ' ~ a 2 •§ ( l - p 2) 2~  a 2f ,  p -* 0
i ,  i s  w e ll behaved as p _* 0 , g iv in g
l 1 
r  r ' t  0CT 2
(31)
1 , however, the b eh av io r  is  q u ite  c om p lica ted , and we ob ta in
A i  ~ - I ,  (  AA e* ~  ~lnT.>  (32)
r  r '  2<y2 ,1 ,  t  2
1-P 0
^ 7 *
nee the s in g u la r i t y  is  lo g a r ith m ic , the spectrum  e v id e n t ly  drops o f f  as 
ve rse  frequ en cy . S in ce  i t  i s  determ ined by a s in g le  param eter, we may 
pect the b reak  to come near cy~ & iii .
In  order to  ob ta in  n (0 )
+00 „  4 2 2. r  .  q—7
n (0) = \ IO.OA.P I I ,  dT
** r r r  r  r
(33)
w i l l  approxim ate the in tegrand  in  (3 3 )  by th e  sm all- p asym pto tic  forms 
r 1. The sm all -p  c o n tr ib u t io n  is
2 ... r ° °  -x 2 dx = 0.28
T  J  e
Jt
1
v;e h a v e
d t e ' V ^  + ^ C dc ( I - { l  J e ' - ^
-  2 '•'o 2„ ' ’ h
v T ,





e xp ec t n(cO to  be f l a t  a t th is  value a t  le a s t  to  a '-/v> , and to  f a l l  s lo w ly  
e r e a f t e r .  From a p r a c t ic a l  p o in t o f  v ie w , th is  p o in t is  u su a lly  beyond the 
nge o f  measurement, so that we may e xp ec t n (O ') to  be e x p e r im en ta lly  w h ite . 
e L im it  o f  Measurement
The l im it  o f  measurement o f  the spectrum w i l l  now be (somewhat a r b i t r a r i l y )  
term ined by the p o in t CtQ where the s ig n a l/ n o is e  r a t io  becomes u n ity ,  o r  
ere
( - £ )  - n (o r  )
u"
(37)
~  "  2/3 5/3
we change to  Kolmogorov v a r ia b le s ,  = Kq , K^q » ^ *,*('^0^*)“  e T
3 k.K ^ ), where -  is  the Kolm ogorov m ic ro sca le , q «  (v  / r ) , we have
(3 8 )
R = (3 9 )
v 2 s in  ( 8 /2)
The c r e s ts  o f the l ig h t  waves make an an g le  o f  8/2 w ith  the flo w  
r e c t io n ;  i f  X/2 is  taken as the sm a lles t len g th  that can be re s o lv e d , then 
2 s in  ( 8/2)  i s  the sm a lle s t length  th a t can be re s o lv ed  in  the mean f lo w  
r e c t io n .
I t  seems reasonab le to  req u ire  th a t Kq“  K+ ; tha t i s ,  tha t the re s o lu t io n  
e to  am bigu ity  be the same as that due to  f i n i t e  beam w id th . Hence
R = (7
4 (K  )
(4 0 )
k6.83 x 1 0 ^ K  *o
a5 gave num erical va lu es  f o r  *  (K ) ( i t  must be born in  mind th a t P a o 's  
lu es  are norm alized  on the h a l f - l i n e ,  whereas we have norm alized  on the
> le - l in e :  thus P a o 's  va lu es  must be d iv id e d  by two f o r  use in  ( 4 0 ) ) ;  P a o 's
r* -3  2
ictrum is  p lo t t e d  in  f ig u r e  1 , to g e th e r  w ith  the sp e c tra  6.83 x  10 R 
r va r iou s  va lu es  o f  Kq and correspond ing R from  (4 0 ) .  The va lu es  o f  R ob- 
Lned from (4 0 )  are p lo t t e d  in  f ig u re  2.
Prom f ig u r e  2, i t  can be qeen th a t ,  f o r  K «  1, R “  0 .62 . W ith  ty p ic a l
-5 -2 2
va lu es  o f  1 *  6 x 10 cm, v “  10 cm /sec and 2 s in (e / 2)  “ 0.2 (c o rresp on d ­
ing  to  measurements in  w a t e r )> we have 
U ~20 cm/sec (4 1 )
R e la x a tio n  o f  the r e s o lu t io n  requ irem en ts to  about Kq “  0 .5  in creases  the
p e rm is s ib le  U by n ea r ly  an o rd e r  o f  m agn itude; i t  should be remembered,
however, tha t (4 0 )  is  a c tu a lly  q u ite  c o n s e rv a t iv e .  A s ig n a l/ n o is e  r a t io  o f
u n ity  does not a llo w  accu ra te  d e te rm in a tion  o f  s p e c t r a l  v a lu e s ; i t  can be seen
from f ig u r e  1 th a t f o r  K « v l ,  the spectrum beg in s  to  d e v ia te  p e rcep tab ly  a t
about K “  0 .5 . o
I t  m ight be thought that th e  s tr in g en cy  o f  the requ irem ent could be 
reduced somewhat by in c re a s in g  the va lu e  o f  9  . U n fo r tu n a te ly , however, 
forw ard s c a t t e r in g  i s  much more e f f i c i e n t ;  i t  is  d i f f i c u l t  to  ob ta in  a Doppler 
s ig n a l when 2 s in  $  /2) is  much above 0 .7 . Another p r a c t ic a l  l im ita t io n  is  
the va lu e  o f  th e  D opp ler frequ ency;, th e  h igh er the D opp ler frequ en cy , the 





where f o  is  the D oppler c en te r  frequ en cy  in  c y c le s / s e c . For work in w a ter ,
fo r  K :  1, i f  i t  is  d e s ired  to  keep f  (  5 x  10"*, we have o ’ r  o
U ' —56 cm/sec (4 3 )
F igu re  1. Pao one-d im ensional spectrum renorm alized  to ♦dK -  (u')2
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A ga in  the frequ en cy  Is  g iv e n  by
F igu re  2. Value o f  8 «  (U/ v )(A / 2  s in  (0 / 2 ) )  fo r  u n ity  s ign a l/ n o is e  ra t io  
a t  in d ica ted  wave number.
Hence, p r a c t ic a l ly  speak ing, in w a te r , i t  i s  d i f f i c u l t  to measure the e n t ir e  
spectrum above about 1 m/sec (presum ing that a c e r ta in  amount o f  c o r re c t io n  
can be done by su b tra c tin g  the am bigu ity spectrum ).
E le c tr o n ic  Noise
I f  w h ite  n o ise  is  f i l t e r e d  around a frequency u>Q by a narrow band f i l t e r  
o f  h a lf  w id th  f r j f ,  i t  is  n o t d i f f i c u l t  to show that the r e s u lt in g  s ign a l can 
a ls o  be rep resen ted  as
f ( t )  cos uQt + g ( t )  s in  u>o t (4 4 )
where f  and g are u n co rre la ted , id e n t ic a l ly  d is t r ib u te d  Gaussian processes 
w ith  id e n t ic a l  sp ectra  cen tered  on the o r i g in ,  having thertiape o f  the f i l t e r  
fu n c t io n ; thus the spectra  have a h a l f  power po in t o f  ( t h i s  i s ,  in  fa c t ,  
a g en era l p ro p e rty  o f  narrow-band s ig n a ls ) .
I f  the f i l t e r e d  white no ise i s  combined w ith  a s in u so id a l s ig n a l
A cos j Qt (4 5 )
the r e s u lt  is
(A + f )  cos uQt + g s in  aiQt -  f ( A + f ) 2+ g 2]^  cos ( i ^ t - t a n * 1! - ^ ] )
(4 6 )
The r .m .s . va lue o f  the s ig n a l is  AA f2 ; the r .m .s . value o f  the n o ise V ^2 = 
Thus the s ign a l/ n o is e  r a t io  is
■ a ,  say. (4 7 )
d -1  , 8 . (A + f ) f t - g f  ~  ■ ,
u = u - —  tan ( T T j )  “  w • 7 7 w " g ' A (48 )
o d t  A + f o ( A + f ) 2+ g 2
to  f i r s t  o rd e r .  A llo w in g  to f lu c tu a te  in  p rop o rtion  to the v e l o c i t y ,  the 
spectrum o f  th is  s ig n a l is  g iv en  by
(a A l )  +  i i a )
0 A
(49 )
where $ (K )  is  the one-d im ensiona l tu rbu len t spectrum, and ^ ( a )  is  the f i l t e r  
fu n c t io n , which must s a t is f y
f  = 2au>j^ (0 ) (50 )
Note th a t ,  because o f  the presence o f  A , so long as a i s  la r g e  enough, the 
l ik e l ih o o d  o f  the p o in t  w ith  coord inates A + f ,  g go ing  around the o r ig in  is  
much reduced, so th a t  * is  s ta t io n a ry ; hence the va lu e o f  the spectrum a t the 
o r i g in  is  z e ro . A ls o ,  s in ce  the magnitude o f  r  is  much le s s  l ik e l y  to be 
s m a ll,  ♦ does not a t ta in  such la rg e  va lu es , so that ♦ is  f i n i t e .
Aga in , p la c in g  (4 8 ) in  Kolmogorov v a r ia b le s ,  we have ( ig n o r in g  the r o l l ­
o f f  o f  the f i l t e r  fu n c t io n )
$ (K ) +
R (U / f T)>
(51 )
This i s  a somewhat a r t i f i c i a l  s itu a t io n , s in ce  we do not o r d in a r i ly  h a v e  
a s ig n a l o f  constan t am plitude A, but a s ig n a l o f  e x a c t ly  the form (4 4 ) ,  so 
th a t  the sum should be analyzed  by the same method as that used fo r  the 
am bigu ity  a lone ( ( 5 0 )  r e a l l y  corresponds to  -> 0 ) .  Our re s u lt  is  s u it ­
a b le  only f o r  e v a lu a t in g  the e le c t r o n ic s ,  w ith  an a r t i f i c i a l  s in u so id a l inpu t; 
h en ce , we r e a l l y  have no $ ,  and no q. Thus, in  our p resen ta tion  o f  d a ta , we 
w i l l  use the U and q correspond ing to a p o s s ib le  f low .
In  a r e a l  f lo w ,  w ith  mixed n o ise and tu rbu len ce , express ion  (2 3 ) is  v a l id ,  
where p i s  the com posite c o r r e la t io n  o f s ig n a l plus no ise . In  our measurements, 
o r d in a r i ly  the s ig n a l/ n o is e  r a t io  is  o f  the o rd er o f  30 o r b e t t e r ,  w h ile
is  not much more than 3 • Under th ese  circum stances, the com posite p
and i t s  f i r s t  and second d e r iv a t iv e  do not d i f f e r  from p fo r  the am bigu ity 
s ig n a l by more than 1%. Hence, the presence o f  n o ise  w i l l  on ly  in c rea se  the
am bigu ity  spectrum by an amount o f  the o rd e r o f  171. This is  a p red ica ted  on
-2
th e  f i l t e r  fu n c tion  f a l l i n g  o f f  fa s te r  than u , so that second d e r iv a t iv e s
-4
o f  the n o is e  c o r r e la t io n  a re  f i n i t e  at the o r ig in .  Our f i l t e r  f a l l s  o f f  as u 
EXPERIMENTAL APPARATUS
In f ig u r e  3 i s  shown our o p t ic a l  se t-u p . O ir s c a t te r in g  angle  is  about 
7 * ,  and our s c a t te r in g  agen t is  a volume s o lu t io n  o f  m ilk  o f  con cen tra tion  
2 x  10 '4 . The measurements were made at th e  cen te r  o f  a un iform  flow  about 
tw o  diam eters downstream o f  the entrance in  a 2 " diam eter g la s s  tube. The 
f lo w  en ters  the tube through a 36:1 c o n tra c t io n , a f t e r  passing through two 
screens and a fine-m esh  honeycomb. The p o la r iz a t io n  ro ta to r  on the la s e r  
i s  ad justed  fo r  optimum s ig n a l stren gth  ( i t  c o n tro ls  the r e la t i v e  en e rg ie s  
in  the s c a tte re d  and re fe ren c e  beams). The p o la r iz a t io n  r o td to r  in  the 
in c id en t beam is  ad justed  fo r  optimum s tren g th  (s o  that the re fe ren c e  beams 
have the same p o la r i t y ) .  The p o la rq id  f i l t e r  is  used as a f in e  adjustment 
on  r e la t iv e  beam in t e n s it y .  The e n t ire  o p t ic a l  system re s ts  on a 700 lb . 
con cre te  ta b le  supported by fou r v is c o e la s t ic  sandwich pads.
Beam d iam eters at the fo c a l po in t were measured in  s itu  us ing  an 80x B&L 
b in ocu la r  ndcroscope w ith  a c a lib ra te d  r e t i c l e  in  the r ig h t  eye p ie c e . Apparent
beam w idths were In te rp re te d  by assuming th a t the human eye p e rce iv es  the beam
-9 7edge at an in t e n s it y  2 tim es the maximum in te n s ity  at the c en ter  .
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F igu re  3. O p t ic a l  Layou t.
FREQUENCY TO VOLTAGE CONVERTER
The s ig n a l was processed by the c i r c u i t r y  shown in  b lo ck  d iagram  in  
f ig u r e  4 . Th is  i s  a s t r a ig h t- fo rw a rd  b lo c k in g  a m p l i f i e r ,  tunab le band-pass 
f i l t e r ,  and fre q u e n c y -v o lta g e  c o n v e r te r .  S p ec tra  were measured u s in g  a 
H ew lett-Packard  302-A wave a n a ly z e r :  the in t e r n a l  100 kc c a r r i e r  was fed  
to  a B a lle n t in e  true-RMS v o ltm e te r ,  and the mean square ou tp u t in te g ra te d  
f o r  t h i r t y  seconds by an ana log  in t e g r a to r .
Data were reduced to  u n iv e r s a l form by us in g  the measured va lu e  o f
( s in c e ,  w ith ou t tu rbu len ce , th e re  is  no - , ) ,  and a nom inal va lu e  o f  
-2  2
V“  10 cm /sec.
DISCUSSION
The measured am bigu ity  s p e c tra  are shown in  f ig u r e  5. S lgn a l/ n o ls e  
r a t io s  were ob served  to  be 30/1. These w ere measured a f t e r  the f i l t e r ,  by 
b lo c k in g  the in c id e n t  beam. S in c e , f o r  optimum s ig n a l s t r e n g th , r e fe r e n c e  
and s ca tte red  in t e n s i t i e s  should be e q u a l, the observed  s/n r a t io  may be to o  
h igh  by as much as a fa c t o r  o f  tw o. The fa c t  th a t the a m b igu ity  sp e c tra  
measured fo r  th re e  q u ite  d i f f e r e n t  beam d iam eters  c o lla p s e  in d ic a t e s ,  how­
e v e r ,  th a t our con c lu s ion  re ga rd in g  the n e g l i g i b i l i t y  o f  e l e c t r o n ic  n o is e  
was c o r r e c t .  S in ce  th ere  a re  no a d ju s ta b le  con s tan ts  in  e i t h e r  the th eo ry  
o r  the exp er im en t, the e x c e l le n t  q u a n t ita t iv e  agreem ent must be regarded  as 
g r a t i f y in g .
The measured spec tra  co rresp on d in g  to  n o is e  p lu s  sine wave a r e  shown 
in  f ig u r e  6 . S in c e  th is  a r t i f i c i a l  s itu a t io n  does not correspond to  a r e a l  
f lo w ,  the a r b it r a r y  va lu es  shown were used to  reduce the d a ta ,  to  show i t  
r e l a t i v e  to a r e a l i s t i c  tu rbu lence spectrum . A g a in , the agreem ent is  e x c e l le n t .
The r o l l - o f f  in  the measured r e s u lts  f o r  both am b igu ity  and n o is e  a re  
due to  the low pass f i l t e r  in  the fr e q u e n c y -v o lta g e  c o n v e r te r ,  l im i t in g  system
GAIN
“ 12
A f/f  « 0.1 
-!2dB/oct
f0 = 4.9 kHz 
-6 0  dB/oct








response to  4 .8 KHz. The fa c t  th a t th is  r o l l - o f f  occurs b e fo re  the am bigu ity  
spectrum a s e ts  the tu rbu lence spectrum In  one case. Is  due to  the Im p ra c t lc a l ly  
la r g e  va lu e  o f  K+ used ; the 4 .8  KHz c u t - o f f  was d esigned  f o r  sm a lle r  va lu es  o f  
* * •
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SYMBOLS
f ( t )  ( I n  in tro d u c t io n ) c h a r a c t e r is t ic  s ig n a l produced by s c a t te r in g  p a r t ic le  
pass in g  through la s e r  beam.
u Id e a l  D opp ler frequency ( i . e . - f r e q u e n c y  s h i f t )  o f  s c a tte red  ra d ia t io n
°  ( r a d / s e c ) .
a  ( i n  in tro d u c t io n ) t r a n s it  tim e a cross  beam (w id th  d e fin ed  as two r a d i i
o f  g y ra t io n  o f  In te n s ity  d is t r ib u t io n ) .
u ( t )  n e t s ig n a l produced by stream  o f  s c a t te r in g  p a r t ic le s .
d ( ( t )  random fa c t o r  accoun ting  fo r  p resen ce , s i z e ,  c o -o rd in a tes  o f  beam­
c ro s s in g , o f  s c a t te r in g  p a r t ic le s .
T t r a n s it  tim e across  beam (w id th  d e fin ed  by energy ou ts id e  equa l to
en ergy  d e f i c i t  -  from  peak va lue - In s id e ) .
U mean v e l o c i t y  a lon g  b is e c to r  o f  a n g le  between n e g a t iv e - in c id e n t  and
s c a tte re d  ra d ia t io n .
Kj, h ig h e s t  wavenumber re so lv ed  by beam (w id th  based o n U T ) .
F F o u r ie r  transform  o f  f .
tV> root-m ean-square d e v ia t io n  o f  D oppler s ig n a l from mean cen ter  f r e ­
quency (r a d / s e c ).
A w avelength  o f  In c id en t ra d ia t io n .
A an g le  between In c id en t and s ca tte re d  ra d ia t io n .
u ' root-m ean-square f lu c tu a t in g  v e lo c i t y .
f ( c ) , g ( t )  f lu c tu a t in g  am plitudes o f  the cos in e  and sine components o f  u ( t ) .
*  f lu c tu a t in g  phase ang le  o f  u ( t ) .
w a c tu a l D opp ler frequency o f  s c a tte red  r a d ia t io n , ( r a d / s e c ).
a  frequency as an Independent s p e c tra l v a r ia b le  ( r a d / s e c ).
d Z (a ) f lu c tu a t in g  F o u r ie r  am plitude o f  id e a l  D opp ler s ig n a l .
$ one-d im ensiona l wavenumber spectrum  o f  ( tu r b u le n t )  f lu c tu a t in g  v e lo c i t y .
u”  mean D opp ler frequ en cy ,
o
dN (a ) f lu c tu a t in g  F o u r ie r  am plitude o f  c o n tr ib u t io n  to  instan taneous f r e ­
quency a r is in g  from am b igu ity .
n (a ) frequ ency spectrum o f  am b igu ity  n o is e .
c ir c u m fe re n t ia l v e lo c i t y  o f  m oving p o in t  w ith  c o o rd in a tes  f , g .
p c o r r e la t io n  c o e f f i c i e n t  o f  f  o r  g .
r  rad ius v e c to r  o f  moving p o in t w ith  coo rd in a tes  f , g .
0  standard d e v ia t io n  o f  d is t r ib u t io n  o f  f  o r  g.
1 m od ified  B esse l fu n c tio n  o f  the f i r s t  k ind o f  o rd e r  z e ro ,
o
a  frequ ency (ra d / se c ) a t  which the s p e c t r a l  l e v e l  o f  the am bigu ity  n o is e
0 equals th a t o f  the tu rb u len t s ig n a l .
q Kolm ogorov m ic ro sca le .
Kq n on -d im ensiona lized  (b y  q )  c u t - o f f  wavenumber corresp on d in g  to  aQ.
e tu rbu len t d is s ip a t io n  o f  f lu c tu a t in g  k in e t ic  en ergy  per u n it  mass.
*  n on -d im ensiona lized  (b y  q , e ) one-d im en sion a l tu rb u len t energy
spectrum.
v k in em atic  v i s c o s i t y .
non -d im ensiona lized  (b y  q )  h ig h e s t  wavenumber r e s o lv ed  by the beam.
R Reynolds number based on mean v e l o c i t y  and stream wise d is ta n ce  subtended
by ^ - la s e r  w avelength .
f  mean D opp ler c en te r  frequ en cy  in  c y c le s / s e c .
h a lf-b an d  w id th  (r a d / s e c ) o f  narrow-band f i l t e r e d  w h ite  n o is e .  
A am plitude o f  a r b i t r a r y  s in u s o id a l s ig n a l ,
a s ig n a l/ n o ls e  r a t i o .
i(/(a) f i l t e r  fu n c t io n  o f  narrow-band f i l t e r e d  w h ite  n o is e .
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